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Abstract 

We prove a generalized mirror conjecture for non-negative complete intersections in 
symplectic toric manifolds. Namely, we express solutions of the PDE system describing 
quantum cohomology of such a manifold in terms of suitable hypergeometric functions. 


0. Introduction. Let X denote a non-singular compact Kahler toric 
variety with the Picard number k. The variety X can be obtained by the 
symplectic reduction of the standard Hermitian space by the action of 
a subtorus in the torus of diagonal unitary matrices on a generic 
level of the momentum map (see Section 3). The coordinate hyperplanes 
in C'^ are T^-invariant, and their T*^-reductions on the same level of the 
momentum map dehne N compact toric hypersurfaces in X. We denote 
ui,...,un the classes in H‘^{X) Poincare-dual to the fundamental cycles of 
these hypersurfaces. It is known that H^{X) is a free abelian group of rank 
k spanned by Ui,...,un, that it multiplicatively generates the ring H*{X), 
and that the 1-st Chern class c{Tx) of the tangent bundle to X is equal to 

Ml -|- ... -|- Ux- 

Let us consider the sum V of Z > 0 non-negative line bundles over X 
with the 1-st Chern classes vi, and denote Y the non-singular complete 
intersection in X of dimension N — k — I dehned by global holomorphic sec¬ 
tions of these line bundles. The inclusion Y C X induces the homomorphism 

*Research is partially supported by Alfred P. Sloan Foundation and by NSF grant 
DMS-9321915 
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H^{X) —>■ H‘^{Y) The cohomology ring H*{Y) contains the subring multi- 
plicatively generated by the classes ui, ...,un- We denote this subring H*(y). 
It carries the Poincare pairing {f,g) = J^y] fd ~ I[x] non-degenerate 

over Q. The 1-st Chern class c{Ty) of the tangent bundle to Y is equal to 

Ui + ... +un - Vi - ... - Vi. 

Given a compact Kahler manifold Y, the Gromov - Witten theory |]I4| 
associates to it the quantum cohomology algebra and the quantum cohomology 
V-module. 

Let us introduce the semigroup A C H2{Y) of fundamental classes of 
compact holomorphic curves in Y. The quantum cohomology algebra is 
a skew - commutative associative deformation of the cohomology algebra 
H*{Y, Q[[A]]) with coefficients in a formal completion of the semigroup alge¬ 
bra Q[A]. The structural constants {aob,c) of the quantum multiplication o 
are formal series b, c)q'^ where q'^ is the element of the semigroup 

ring corresponding to the homology class d E A. The coefficient nd{a, b, c) has 
the meaning of the number of holomorphic maps CP^ — Y representing the 
homology class d and sending 0,1, cxo e CP^ to given cycles in Y Poincare- 
dual to the classes a,b,c E H*{Y) respectively. We refer to [|,0 for variants 
of actual definitions which employ intersection theory in Kontsevich’s com- 
pactifications of moduli spaces of stable maps CP^ — Y (see Section 1). In 
particular nrf(a, 6, c) =0 unless the total degree of the classes a, 6, c equals 
the real dimension of the fundamental class in the space of maps CP^ ^ Y 
representing the class d. This gives rise to the grading degq'^ = 2 c('7y) 

in the quantum cohomology algebra. 

In addition to the associativity identity the structural constants of the 
quantum multiplication satisfy some integrability condition which can be 
formulated as compatibility of certain system of linear differential equations. 
Let (ti,..., tk) denote coordinated on H‘^(Y) with respect to a basis (pi, ...,Pk) 
of integral symplectic classes. The basis q^ in the semigroup ring Z[A] can be 
identified with = exp(ti(ii -|- ... -|- tkdk) where {di, ...,dk) are coordi¬ 

nates of d G H 2 {Y) with respect to the dual basis. Denote to the coordinate 
on H^iY). The operators piO of quantum multiplication act on vector func¬ 
tions s{to,t) with values in H*{Y,C). In these notations the integrability 
condition reads: 


f. 9 d • 1 i, 

n——s = s, n—s = PiO = 1,..., fc, 


dtn 


dti 
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form a consistent system of linear PDEs. 

Solntions s to the PDE system can also be interpreted in terms of in¬ 
tersection theory on spaces of stable maps (see Section 1). The P-module 
corresponding to this syslem is generated by a single formal vector-fnnction 
Jy(t, with coefficients in H*{Y,Q) (see Section 1). It has the following 
property [^: whenever a scalar differntial operator D{hd/dt,expt,h) with 


coefficients in C[h][[A]] annihilates (all componenets of the vector-fnnction) 
Jy, the symbol D(po,g, 0) vanishes in the qnantnm cohomology algebra of 

F. 

A constrnction of Jy in terms of intersection theory on modnli spaces of 
stable maps is given in Section 1. By the very definition the fnnction Jy has 
the the asymptotical expansion 


Jy = ^ o{l/h)). 


In applications to a toric complete intersection Y C X we will detect 
degrees of holomorphic cnrves in Y by their degrees in X. This means that 
A will denote the semigronp of classes of compact holomorphic curves in X, 
ti, ...,tk will be coordinates on H2{X), and Jy — a formal series in g* = e*h 
Notice that in the case where ui, are positive and dimF > 2, the map 
H2{X) H2{X) is an isomorphism and thus the notation Jy has the same 

meaning as before. However for semi-positive ui, (and dimF > 1) the 
map H 2 {Y) —> H 2 {X) can have a non-trivial kernel, and therefore Jy is 
obtained from the vector-function discussed in the previous paragraphs by 
the restriction operation. 

We will denote J the orthogonal projection of the vector-function Jy to 
the subalgebra H*{V,Q) C H*{Y,Q). 

Introduce the formal vector-function I{t, h~^) with values in H*{V, Q): 

(*) J — gito+Plti+-+Pktk)/H'^^gildi+-+tkdk y. 

deA 

+ mfi) + mfi) 

_:i_ 

+ mh) + mh) ’ 

^ I would like to thank V. Batyrev and B. Kim who pointed me to this subtlety in the 
semi-positive case. 
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where Dj{d) = La{d) = The function / is the product of 

g(to+piogq)/A power series in g = e* supported in A and weighted- 

homogeneous of degree 0 with respect to the grading 


deg h = deg Uj = deg Va = 1, deg q'^= c{Ty). 

J[d\ 

The function J has the same properties (see Section 1). 

Theorem 0.1. Let Y be a non-singular toric complete intersection with 
the non-negative 1-st Chern class ciTy). Then the formal vector-functions 
I and J with coefficients in H*(y,Q) coincide up to a triangular weighted- 
homogeneous change of variables: 

to^to + fo{q)h+h{q), logqi ^ logg* -h fi{q) 


where h, fo, fi,fk are weighted-homogeneous power series supported in A — 
0 and deg /o = deg /* = 0. 

Remarks. 1) Comparisson of the asymptotical expansions for the compo¬ 
nents in and of the functions I and J in orders h^ and 

h~^ uniquely determines the change of variables that transforms I to J (see 
Section 7). 

2) The assumption c(7y) > 0 guarantees that degg*^ > 0 for all d G 
A — 0. If c{Ty) is positive, then the change of coordinates transforming I to 
J reduces to the multiplication by exp(/i(g)/h) where h{q) is a polynomial 
supported at {d G A| c(7y) = 1}. Thus the functions / and J coincide 
whenever this support is empty (for instance, if c(7y) is a multiple of a 
positive integer class). 

3) In the opposite case '^Va = % ^^e manifold F is a Calabi-Yau toric 

complete intersection (in the broad sense that c(7y) = 0). Then degg* = 0 
for all f, h(g) = 0 and 


exp/o 


d:Dj {d)>0 


, Ldd)\...Li{d)\ 
Di{d)\...DN{d)\' 


This and other components of the vector-function I are generalized hyperge¬ 
ometric functions. 
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Example: toric manifolds themselves. Taking / = 0 in Theorem 0.1 
we arrive at the case Y = X oi Gromov - Witten theory on non-singular toric 
symplectic manifolds with c{Tx) > 0 . We describe further simplihcations 
which occur in this case. 

(a) If the anti-canonical class of the toric manifold is positive then I = Jx- 
The proof consists in elementary verihcation of the asymptotocal expansion 
I = exp((to + P^ogq)/h) (1 -|- o{l/h)). In particular, symbols of differential 
operators annihilating I yield the relations 


Di(d) D^id) 

Cil 



in the quantum cohomology algebra of X (see Corollary 0.4 below). This 
result agrees with the multiplicative structure in Floer cohomology of the 
loop space LX constructed in [0 by the method of generating functions (and 
based on discretization of loops) and with the results in p, on quantum 
cohomology of positive toric manifolds. 

(b) If the anti-canonical class of the toric manifold is semi-positive then 

J ^ e(to+piog,)A + o{l/n)] 


and differs from Jx only by the change of variables logg* h->■ \og qi + fi{q). We 
illustrate this case by the following instructive example which also exhibits 
symplectic invariance of Gromov - Witten theory. 

Let Xi and X 2 be the toric 3-folds obtained by projectivization of the 
following 3-dimensional vector bundles over CP^: 0{—l)®0{—l)®0 for Xi 
and 0{—2)(B0(B0 for X 2 . The bundles are topologically (and symplecticly) 
equivalent and the manifolds Xi and X 2 are symplectomorphic. They are 
not isomorphic however as complex manifolds, and we shell see how the same 
Gromov - Witten invariants emerge from different computational procedures. 

The manifolds Xi, X 2 are obtained by factorization of C® by the torus 
embedded into the 5-torus of diagonal matrices as prescribed by the matrices 
and respectively: 


Ml 


110 - 1-1 
0 0 1 1 1 


M 2 


1100-2 
0 0 11 1 


The columns of the matrix M represent the classes Ui,..., M 5 as linear combi¬ 
nations of a basis pi,p 2 in H‘^{X)\ for Xi we have ui = U 2 = pi, U 3 = p 2 , = 
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= P 2 — Pi- Using upper-case notations for X 2 we get Ui = U 2 = pi, U 3 = 
U 4 = p 2 , U 5 = p 2 — 2pi. We refer the reader to Section 3 for a detailed com¬ 
binatorial description of cohomological invariants of toric manifolds. Using 
that description we hnd the multiplicative relations U 1 U 2 = 0 , M 3 M 4 M 5 = 0 
and U 1 U 2 = 0 , U 3 U 4 U 5 = 0 in the cohomology algebra and observe that they 
are effectively the same: 

H*{X)=Z[puP2]/{pIpI-2pIpi). 


The Kahler cone in both cases consists of piti + P 2 t 2 with ti,t 2 > 0. The 
anti-canonical class '^Uj = '^Uj = 3 p 2 , and the semigroup algebra Q[[A]] 
of identifies with Q[[gi, q 2 ]] with the grading deggi = 0, degg 2 = 3. 

The series I corresponding to Xi has the form 

j — gho+piloggi+P2log(?2)/?).^ 


^ ^L=-ooiP 2 - Pi + mhf _ 

d^=0 ^t=i{pi + ^t=iiP2 + mh) n^“*^(p2 -pi+ mhf 

It has the asymptotics exp((to + p\ogq)/h) [1 -|- o(l/h)] and thus coincides 
with Jx- 

The series Ji is annihilated by the differential operators 


Ai = {h 




A 2 = h 


<9 log gi 
d 


-h- 


d 


d log q 2 d log qi 


ih 


d 


h- 


d 


d log q 2 d log q 2 d log q 


Q 2 - 


Thus the rlations 


pI = <ll{P2 - Pl)^ P2{P2 - Plf = q2 

describe the quantum deformation of the cohomology algebra of X. 

The series I corresponding to X 2 has the form (we use the upper-case 
notations Qi, Q 2 instead of gi, ^ 2 ): 

= gho+PllogQl+P2logQ2)/?l^ 

_ QyQi^ ^m=-ooiP 2 ~ 2pi + mh) _ 

d^=Q nm=i(pi + mhy n^=i(p 2 + mh)^ n^“!.'^(P 2 - 2pi + mh) 
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It has the asymptotics exp((to +plogQ)/h) [1 + (2pi —p 2 )/(Qi)/h + o(l/h)] 
where 


fiQi) = 


oo 

E 

di=l 


{ 2 di - 1)! 

{d,\y 


Qi 


di 


We have to put therefore qi = Qi exp(2/(Qi)), q 2 = Q 2 exp(—/(Qi)). 

In fact the inverse change of variables is given by the simple formulas 


“ ITT—12’ ^2 — ^2(1 + Qi ), 

[l + qiY 


^ ^ ^ ^ ^ 

V277y;- — <?2T^—, V277y;- 

dQ 2 <yq 2 ^V2 


2Qi 


a 


dQi 


1 + gm 5 

1 - gi dq2 


2?i^) 

oqi 


With these formulas at hands it is straightforward to check that the change 
of variables transforms the system of differential equations 




‘dQ 2 


dQ 2 


2Q 


d 


'aQi- 


Q 2 I 


{Q 


d 


"dQ, 


Y I = QiiQ2j^ - 2Q 

0'V2 


^ -)(Q2 ^ 


1 W 2 W 7 ; -2Qiw7r- 

oQi dQ2 oQi 


d 


- 1)1 


satisfied by / = /2 to the system AiJ = 0, A 2 I = 0 satisfied by / = h. This 
guarantees that l 2 {Q{q)) = hiq) and finally gives rise to the same description 
of the quantum cohomology algebra. □ 


Our proof of Theorem 0.1 is based on an equivariant generalization of the 
Gromov - Witten theory. 

Let V be a holomorphic I - dimensional vector bundle over the n - dimen¬ 
sional Kahler manifold X equivariant with repect to a hamiltonian Killing 
action of a torus G. It was explained in how to extend the Gromov - 
Witten theory to the G - super - manifolds {X, V) of dimension (n, 1) in the 
case of convex V (i.e. bundles with all hbers spanned by global holomorphic 
sections). 

The equivariant quantum cohomology algebra of the super - manifold 
(X, V) is a deformation of the cup - product in the equivariant cohomology al¬ 
gebra Hq{X, Q) provided with the Poincare pairing (/, g) = fg EuleriV) 

^The idea of the construction is due to M. Kontsevich (see 00) while the termi¬ 
nology of super-manifolds in this context was introduced by A. Schwarz 0- 
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with values in HQ{point) = Q). Here the equivariant top Chern class 

Euleriy) is assumed to be invertible over the field of fractions of the poly¬ 
nomial algebra H*{BG,Q) ~ Q[Ai,Adimc]- Respectively, the equivariant 
quantum cohomology algebra and the quantum cohomology P-module of the 
super-manifold are defined over this field of fractions. It is important how¬ 
ever that the strnctural constants {aob, c) and the components (Jy, «) of fhe 
corresponding solntion vector-fnnction are defined over the polynomial alge¬ 
bra C[A] (as some eqnivariant Poincare pairings with the top Chern classes of 
snitable vector bnndles over the moduli spaces of stable maps to X, see Sec¬ 
tion 1). In the non-eqnivariant limit to A = 0 the algebra (hf^(X)//cer(-, •)) 
degenerates to and the corresponding strnctnral constants and so- 

Intions tnrn into their connterparts in the Gromov-Witten theory on the 
complete intersection Y G X defined by a generic holomorphic section of 
V. This allows to obtain Theorem 0.1 as the specialization to A = 0 of the 
following result about toric super-manifolds. 

Let us consider the eqnivariant cohomology algebra H^n{X) of the toric 
manifold X = //T^ provided with the action of the torus of diagonal 

nnitary matrices. The coefficient algebra H*{BT^) of the eqnivariant theory 
is canonically isomorphic to the algebra Z[Ai,..., Atv] of polynomial fnnctions 
on LieT^. The algebra H!^m{X) is multiplicatively generated over Z[A] by 
the eqnivariant connterpart pi,...,pk G H‘^{X) of a basis in H‘^{X). The 
eqnivariant classes ui, ...,un G Hq{X) Poincare-dnal to the G-invariant toric 
hypersnrfaces corresponding to the coordinate hyperplanes in are some 
linear combinations 


k 

Uj = ^PiTTlij - j = 1, 

i=l 

of these generators. The relations between the generators Pi can be written 
in the form (see Section 3): 

Uj,...Uj^ = 0, ji < ... < jr, 

whenever the toric hypersnrfaces corresponding to Uj^ have empty 

intersection. 

Let V denote the direct snm of / > 0 non-negative T^-eqnivariant line 



bundles over X with the non-zero equivariant 1-st Chern classes 

N 

Va ^ ® 1, /. 

1=1 

The variables (A',AJ) here stand for the generators of H*{BT^) where the 
torus T* acts hberwise on the bundle V. (One may think of the toric super¬ 
manifold (X, V) as of the symplectic reduction of the super-space (C^, C^) 
by the torus embedded into the maximal torus G = x by means of 
the matrix {mij\lia)■) 

Denote Jv(to, logg, h~^) the solution formal vector-function of the equiv¬ 
ariant Gromov - Witten theory on the snper-manifold {X, V). Dehne another 
formal vector-function I\;(to,\ogq, h~^) by the formal series (*). Coefficients 
of both formal functions are G-equivariant cohomology classes of X over 
Q[A, A']. In the limit (A, A') = 0 the functions Jy and Jy yield J and / 
respectively. 

Theorem 0.2. Suppose that 1-st Chern class '^Uj — X] W of the super¬ 
manifold {X, V) is non-negative. Then Jy coincides with Jy up to a weighted- 
homogeneous triangular change of variables: 

to ^ to +foiq)h+^\jgj{q) + h{q), logg^ logg*-h /i(g), i = l,...,k 

where fo,fi,gj,h are weighted-homogeneous formal q-series with deg/o = 
deg fi = deg gj = 0, deg h = 1 supported at A — 0. 

Corollary 0.3. Suppose that a linear differential operator 
D{hd/d\ogq,q, \,h) with coefficients in C[A, h][[A]] annihilates the vector- 
function Jy transformed to the new variables. Then the relation D(po, g, A, 0) 
= 0 holds in the quantum cohomology algebra of the super-manifold (X, V). 
In particular, in the quantum cohomology algebra of the complete intersection 
Y C X (with dimX > 1) we have (a, iA(po, g, 0, 0) o 6) = 0 for any a,h E 
H*{V) C H*{Y). 

Remarks. 4) The change of variables transforming Jy to Jy is nniquely 
determined by the asymptotics of Jy modulo h~^. 

5) The g^term in (a, bop^^o...opj^f) has the following ennmerative meaning: 
it is the (virtual) number of degree d holomorphic maps CP^ Y which 
send a given generic conhguration of r -|- 2 distinct points in CP^ to the 
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given generic cycles a, b and r given generic hypersurfaces Poincare-dual to 
Pi^, respectively. 

6) Due to a somewhat subtle relationship between the quantum cohomol¬ 
ogy algebras of Y and {X, V) it seems to be dangerous to deduce enumerative 
corollaries about Y directly from differential equations for J (instead of Jy or 
Jy). We do not know counter-examples however. In many cases such corol¬ 
laries can be justihed by means of additional dimensional or Hodge-theoretic 
arguments. In particular, if (BH^''^{Y) C H*{V, C) (for example if H C W is a 
hypersurface of odd dimension), we have (a, Jy) = (a, J) for all a G H*(Y). 
In this case D(po,g, 0) = 0 if the differential operator D{hd/d\ogq,q,h) 
annihilates I transformed to the new variables as described in Theorem 0.1. 

Consider now the differential equations satished by Jy. Put 

mijhd/d log qi - \j, j = 1, 

i 

d'a = ^liad/d\ogqi -a = 1 ,...,/. 
i 

For each d E A with Di{d),Dj^^d) > 0 we introduce the differential oper¬ 
ator (see [0): 

A, = - mh) - (81 + mh). 

It follows easily from the detailed description of the equivariant cohomology 
algebra Hq{X) given in Section 3 that A^Iv = 0. (In fact Jy may satisfy 
some stronger differential equations.) 

Denote the polynomial 

Dpd) D^{d) _ ^dLpd) Li(d) 

in the quantum cohomology algebra of the non-negative toric complete in¬ 
tersection Y G X. 

Corollary 0.4. Suppose that for the toric complete intersection Y C X 
we have Jy = Jy (for instance due to the causes described in Remark 2). 
Then {a, bo A^) = 0 for any a,b E H*(y) C H*{Y). 

We would like to emphasise the hypergeometric character of the function 
Jy. It is easy to see that the differential operators A^ annihilate also the 
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following liypergeometric integrals: 


JrcEq 


dlogui A ... A cilogtiTv A dvi A ... A dvi 
dlogqi A ... A dlogqk 

Here Fg is a suitable real N — k + /-dimensional (non-compact) cycle in the 
complex N — k + /-dimensional variety 


provided with the local coefficient system 

Example: a mirror theorem. Partition the variables ui,...^un into 
/ -|- 1 groups and denote Fa the sum of Uj in each group, a = 0,..., /. Dehne 
the matrix (/ja) in such a way that Va = Fa{u),a = 1,...,/, correspond to 
convex line bundles on X. In the limit A' = 0, A = 0 the above integral 
evaluated explicitly over in dv reduces to 

dlogMi A ... A dlogtiTv 

(1 - Fi(m))...(1 - Fi{u)) dlogqi A ... A dloggfc 

where X' = {u\lljuj'"^ = qi, i = l,...,k}. Further reduction by Cauchy 
residue formula yields 

dlogtii A ... A dlogtiAT 
dFi A ... A dFi A dloggi A ... A dloggfc 

Here 7 q can be understood as Morse-theoretic cycles of the function ReFo 
restricted to the N — k — /-dimensional manifold 





CX' 

- q g 


= {mIHjM™'" = qi,i = 1, ••.,/, Fa{u) = l,a = 1,...,/} . 

It is not hard to see that all components of the vector-function I are 
described by such integrals with suitable 'jg. | This constitutes the content 
of the mirror symmetry between the toric complete intersections Y and Yk 

^In general the converse is not true — different toric manifolds X = //T^ obtained 
by the reduction on different generic levels of the momentum map have different cohomol¬ 
ogy algebras H*(y) and may give rise to different / whose integral representations differ 
by the choice of cycles only. 
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Indeed: 


(a) In the case of a Calabi-Yau toric complete intersection Y we have 
— Yl thus Fq{u) = 0. The affine varieties X' in this case can be 

compactihed (see @]) to the toric varietiy X' with the momentum polyhedron 
polar to that for X. The varieties compactify to (singular) Calabi-Yau 
complete intersections Y^ C X'. The forms dlogu/dvAdlogq extend to holo- 
morphic volume forms Uq on desingularizations of Y^. Thus the components 
of the hypergeometric series I identify with the periods f Uq responsi- 
ble for variations of complex structures in a family Calabi-Yau manifolds 
birationally isomorphic to Y^'. 

According to V.Batyrev the g-family of Calabi-Yau manifolds is mirror 
- symmetric to the original family of toric complete intersections Y, and 
thus our Theorem 0.1 confirms the mirror conjecture for Calabi - Yau toric 
complete intersections formulated in detail in [^. 


(b) In the lecture we suggested a generalization of the mirror conjec¬ 
ture beyond the class of Calabi - Yau manifolds. Q In this generalization 
the quantum cohomology P-module of a compact Kahler manifold Y should 
be equivalent, up to some change of variables, to the P-module generated 
by the oscillating integrals J eA/^a;^ defined by a suitable family (Y^, ujg, fq) 
of (possibly non-compact) complex algebraic manifolds (of the same di¬ 
mension as Y) provided with holomorphic volume forms ojq and holomorphic 
phase functions fq. This generalisation was confirmed for toric Fano mani¬ 
folds in 1^, for Fano and Calabi-Yau projective complete intersections in [IT 
and for flag manifolds of the series A in |M. Thus Theorem 0.1 along with 
the integral representation (**) proves our generalized mirror conjecture for 


non-negative toric complete intersections described at the beginning of this 
example. □ 


The remaining part of the paper contains a proof of Theorem 0.2. It 
exploits some general properties of equivariant Gromov - Witten invariants 
of super-manifolds {X, V) described in in the setting of convex Kahler 
manifolds X. Foundations of the Gromov - Witten theory for general X 
were developed recently by several groups of authors (see for instance ||I^ ). 
It appears that these results admit staighforward equivariant generalizations. 

similar generalization was recently proposed in H . 
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However there is no ready reference for such a generalization in the literature. 
In Section 1 we describe the properties of the equivariant Groniov-Witten 
theory we use in this paper in the axiomatic form. These properties have been 
verihed in |T^ for convex X. Thus the proof of Theorems 0.1 and 0.2 given 
in this paper is complete in the case of non-negative complete intersections in 
products of projective spaces (such products are convex), and in the case of 
more general toric manifolds still should be complemented by a verihcation 
of the axioms. 

1. Moduli spaces of stable maps. Let {C,x) be a compact connected 
complex algebraic curve with at most double singular points and with r 
pairwise distinct non-singular marked points x = (xi, ...,Xr). We will assume 
that C has the arithmetic genus dimiL^(G, (9) = 0. Two holomorphic maps 
{C, x) — >■ M, (C", x') —»• M of two such curves to a complex manifold Y 
are called equivalent if they are identihed by a holomorphic isomorphism 
(G,x) — >• iC'^x'). A holomorphic map (G,x) —>• M is called stable (see ||T^ ) 
if it does not admit non-trivial inhnitesimal automorphisms. A stable map 
may have a non-trivial hnite group of discrete automorphisms. 

The degree of a holomorphic map (G, x) —M is dehned as the homology 
class d G H 2 {M) it represents. 

Denote Mr^ the set of equivalence classes of degree d genus 0 stable maps 
(G, x) —>■ M with r marked points. For a compact projective variety M the 
set Mr 4 has a natural structure of a compact complex algebraic variety (see 
I. We will call the spaces Mr^d the moduli spaces of stable maps. 
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If M is a homogeneous Kahler space of a compact semi-simple Lie group, 
the moduli spaces are known [^] to be non-singular orbifolds i.e. local 
quotients of non-singular spaces by hnite groups. In particular the spaces 
have natural fundamental cycles providing Poincare duality over Q. For gen¬ 
eral M it is still convenient to think of the moduli spaces Mn^ as of singular 
orbifolds i.e. local quotients of singular spaces by hnite groups. The hnite 
groups in question are the discrete automorphism groups of stable maps, and 
many local constructions in the moduli spaces become transparent only after 
passing to their local “unquotient” coverings. Vector bundles and their char¬ 
acteristic classes provide important examples of the orbifold ideology. By a 
vector bundle over Mn,d we mean a sheaf which is locally identihed with the 
sheaf of invariant sections of a natural local vector bundle on such coverings. 
The structural group G of the bundle acts with at most hnite stabilizers 
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on the total space of corresponding principal bnndle P Mn,d- In this 
case the rational coefficient equivariant cohomology algebra Hq{P, Q) nat¬ 
urally identifies with H*{Mn^d,Q)- Then the augmentation homomorphism 
H*{BG,Q) —>• Hq{P,Q) induced by the G-equivariant map P ^ pt defines 
characteristic classes of the bundle. Talking about vector bundles over the 
moduli spaces, their Euler and Chern classes we will always have this orbifold 
subtlety in mind. 


According to [^, Q the moduli spaces ^ can be provided with virtual 
fundamental cycles — rational homology classes of Mr^d satisfying the axioms 
of Gromov - Witten theory. We call the virtual fundamental cycles 


Gromov - Witten classes. Both the axioms and their realization by means of 
Gromov - Witten classes allow dependence of M on parameters. 

Suppose that a compact Lie group G acts on a compact Kahler mani¬ 
fold M by hamiltonian automorphisms of the Kahler structure. Then G acts 
naturally on the Moduli spaces M^^d- Let B C BG be a finite-dimensional ap¬ 
proximation to the classifying space BG of principal G-bundles, and Mb —> B 

— the associated M-bundle. The bundle can be considered as a family of 

compact Kahler manifolds. This allows to construct parametric Gromov - 
Witten classes in the moduli spaces {Mr^d)B —> B- Exhausting BG by the 
hnite-dimensional approximations one can construct G-equivariant Gromov- 
Witten classes The recent progress |^, Q in foundations of Gromov 

- Witten theory leaves little doubt that the “virtual fundamental class” ap¬ 
proach is consistent with the axioms [l^, |T^] of equivariant Gromov - Witten 
theory. 


We describe below a variant of the axioms in the form convenient for 
applications in the present paper. 

(1) The equivariant Gromov - Witten class defines an H*{BG,Q) - lin¬ 
ear function : HQ{Mr,d,Q) H*{BG,Q) of homogeneity degree 

—2[{ci(Tm), d) + dime M -|- r — 3]. The moduli spaces are isomorphic to 
M X IHr where ^Mr is the Deligne - Mumford compactihcation of the moduli 
space Tlr of ordered r-tuples of distinct points on CPh The Gromov - Wit¬ 
ten classes [Mrp] are (equivariant) fundamental cycles of the manifolds Mrp 
for r > 3 and are not defined for r = 0,1, 2. 

Remark. It is crucial for applications in this paper that the equivari¬ 
ant Gromov - Witten class is indeed dehned over the polynomial algebra 
H*{BG, Q) and not over its field of fractions. 
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(2) There exist natural equivariant forgetting maps fgt^ : Mr+i,d —^ Mr^d 
defined (see [1^, by forgetting the marked point 1 < s < r+1. The fiber 
of fgt^ over the point represented by a stable map {C, x) ^ M is canonically 
isomorphic to the quotient of C by the finite group of automorphisms of the 
stable map. 

(3) There exist natural equivariant evaluation maps ev^ : M^^d M 
defined by evaluation of a stable map at the marked point Xg- The 3-point 
correlators 


{a, b, c) / evt(a) ev;( 6 ) ev;(c) 

d 

are structural constants {aob, c) of a (super) commutative associative Frobe- 
nius algebra structure on (if^(M), (-, ■)) with the unity 1. Here q'^ stands 
for the element in the group ring of the lattice H 2 {M) corresponding to 
d G H2{M), and the (super) symmetric bilinear form {a,b) is the (equivari¬ 
ant) Poincare pairing ab. The axiom means that the new Q[[q']])- 

bilinear multiplication o on if^(M, Q[[g]]) defined by 


(a o b, c) := (a, b, c) \/a, b,c & Hq{M) 
is associative, and that the class 1 G Hq{M) plays the role of the unity: 


(a, 6,1) = (a, 6) Va, 6 G H*c{,M). 

Here Q[[ 5 ']] is the formally completed semigroup algebra of the semigroup 
of degrees d G H 2 {M) of compact holomorphic curves in M. The algebra 
(Hq(M, Q))^]]), o) is called the (equivariant) quantum cohomology algebra 
of M. Reduced modulo the maximal ideal in Q[[q']], it identifies with the 
“classical” cohomology algebra Hq{M,Q) since M 3 0 = M. 

(4) Let d = (di,..., dk) denote coordinates of d with respect to a basis in 
H 2 {M), and Pi, ...,pk G Hq{M) represent the dual basis in /H‘^{BG). 

The H*{BG) - linear operators piO of quantum multiplication by pi satisfy 


qid{pjo)/dqi = qjd{pio)dqj. 


These identities along with associativity and commutativity of the quantum 
multiplication mean that the following linear system of parial differential 
equations is consitent for any value of the parameter h ^ 0: 


f- d d • 1 i, 

h—s = s, hqi—s = PiOs, t = 
oto oqi 
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(5) When a runs an H*{BG)-hasis in Hq{M), the following formal vector 
- functions Sa run a basis of solutions to the above PDE system (see e. g. 
pud). Define the (equivariant) class Sa of M (with appropriate coefficients) 
by 

V 6 G H^{M) {sa,b) = [ 


' M 


Y.' 

d^O 


ev 


*(p{to+Pl^ogqi + ...+pklogqk)/h 


[^2,d] 


h 




Here c is the (equivariant) 1-st Chern class of the following line bundle 
over M 2 ^d called the universal cotangent line at the 1-st marked point. The 
forgetful map fgt 3 : > M 24 (defined for d 7 ^ 0 ) has the section 

mki : M 24 M^^d defined by marked point xi in each fiber. The uni¬ 
versal cotangent line is defined as the conormal bundle to the hypersurface 
mki(M 2 ,rf) in M^^d- The fiber of this bundle at the point represented by the 
stable map {C,Xi,X 2 ) —> M is the cotangent line T*_^C. 

In particular, this axiom implies (see ^^ 
operator 

D{hqid/dqi,hqkd/dqu, qi,qk, K) 


10 ) that whenever a differential 


with coefficients in H*{BG, C[[q, h]]) annihilates simultaneously all functions 
(sa, 1), a G the relation Zl(pio,g;., 0) = 0 defined by 

the symbol of this operator holds true in the quantum cohomology algebra 
of M. The vector-function Jm mentioned in the introduction is defined by 
Vci {sa, 1) (n, Jm}- 

( 6 ) A holomorphic vector bundle V over M is called convex if each fiber 
of V is generated by global holomorphic sections of V. The Gromov - 
Witten theory of the super-manifold {M, V) is constructed by taking / 1 —>■ 
f Euler{yn,d) on the role of Gromov - Witten classes. Here Vn,d is the 
vector bundle 

Vr,d = (fgG+i)*(ev;+i(V)). 


over the moduli space Mn^- The fiber of Vr,d over the point in Mr^ rep¬ 
resented by the degree d stable map 0 : {G,x) —M is {G, (f*(V)) and 
has the complex dimension (ci(V), d) since H^{G, 0*(V)) = 0 due to the con¬ 
vexity of the bundle. Evaluation at a marked point defines an epimorphism 
Vn,d —>■ V of the bundles over ev^ : M^^d M. This allows to introduce the 
correlators {a,h,c), {sa,b) for a,b,c from the quotient H*{y) of H*{X,Q) 
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by the kernel of the intersection form (a, h) = Jj^^a b EuleriV) and thus to 
dehne for the super-manifold {X, V) the quantum cohomology algebra and 
the quantum cohomology "D-module satisfying the analogues of the axioms 
(3),(4),(5) of the super-manifold (X, V). Analogous axioms hold true in the 
equivariant setting provided that the convex bundle V is G-equivariant. Then 
Euler{-) means the equivariant Euler class. In particular, the vector-function 
Jv from Introduction is the counterpart of Jm in the case of the (equivariant) 
super-manifolds (X, V). 

(7) Let X be a non-singular submanifold in M defined as the zero locus of 

a section of the convex vector bundle V. The inclusion i : Y G M identihes 
the Frobenius algebra (i7*(V),a i—> EuleriV)) with the image of the 

homomorphism i* : Q) —i7*(X, Q). Respectively, the inclusion of 

the moduli spaces Yn^d niaps the Gromov - Witten class [Xn,d] to 

the Gromov - Witten class corresponding to the super-manifold (X, V). This 
implies that the correlators {a,h,c), {sa,b) for Y between the classes a,b,c 
induced from M can be computed by integration over the Gromov - Witten 
classes [Mn,d\ against the Euler classes of Vn,d- In particular the orthogonal 
projection J of the vector-function Jy to Q)) identihes with (the 

non-equivariant version of) Jy. 

(8) The Borel hxed point localization technique applies to the Gromov 
- Witten classes [My.^d\- Gonsider the action of the torus G on M^^d- A 
hxed point of this action is represented by a map 0 : [C, x) ^ M such 
that each irreducible component of C is mapped either to the hxed point 
manifold or onto a complex 1-dimensional orbit of Gc- We will formulate 
the axiom in the special case where both the set of hxed points and 
the set of 1-dimensional orbits are hnite. If it is the case, each connected 
component of the hxed point set in is (the quotient by a hnite group of) 
a product 11 of Deligne-Mumford conhguration spaces Each factor 
in this product parametrizes conhgurations of marked and singular points 
on a 1-dimensional connected component of 0“^(M‘^) C G. On each of the 
remaining irreducible components of G the map 0 covers a compactihed 1- 
dimensional orbit of G (with certain multiplicity in which case it ramihes at 
the two compactifying hxed points). We will call these components edges of 
the curve G. 

The localization of the equivariant Gromov - Witten class [Mr^d\ at the 
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fixed point component in Mr^d is 


\^'ut\ Ju ^ Virtual Normal Euler Class 

Here Aut is the automorphism group of a typical stable map 0 from the hxed 
point component in question. 

In order to describe the Virtual Normal Euler Class consider the vector 
spaces 

M = H\C, r (Tm)), * = 0,1, A4 = H%C, Tc[x]), A4 = ®yT' ® T” , 

where y runs double points of C situated on the edges, and Ty,Ty are the 
tangent spaces to the two components of C intersecting at y. Dimensions 
of the spaces Mi do not change along the connected fixed point component 
of Mj.^d and thus they form vector bundles over H These bundles carry 
natural inhnitesimal actions of G. Indeed, this is obvoius for Mo and Mi. The 
differential 0* identihes the space M 2 of inhnitesimal automorphisms of {C, x) 
with a G-invariant subspace in Mo due to stability of 0. For a double point 
y on the edge C where 0 is an m-fold covering map, the space {TyC)®"^ 
is identihed with the tangent line to the closed 1-dimensional G-orbit at 
a hxed point and thus inherits an inhnitesimal action of G. The Virtual 
Normal Euler Class is dehned as the following combination of equivariant 
Euler classes of the bundles Mf 

Euler {Mo) Euler {Ms) 

Euler {Ml) Euler {M2) ' 

Remark. One can use this formula in order to define the Gromov - Witten 
cycle in the equivariant theory. However the verihcation of the other axioms 
and especially — the polynomiality property (1) of the Gromov - Witten 
class to be dehned over H*{BG,Q) = Q[A] — becomes then a nontrivial 
combinatorial task. 

2. Graph spaces and universal line bundles. Let X be a compact 
projective manifold. For d G H 2 {X) we call the graph space and denote 
Gd{X) the moduli space of genus 0 holomorphic maps to CP^ x X of degree 
{l,d)- This space can be considered as a compactihcation of the space of 
degree d holomorphic maps CP^ —X. The automorphism group of CP^ 
acts naturally on Gd{X). 
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Consider first the case X = CP^~^ = (C^ — 0)/(C — 0). Denote Ld, d G 
the projectivization Proj{C^ ® S''^(C^)) of the space of degree d vector 
binary forms (-Pi(C ■ 0 ■ ■■■ ■ -P/v(C • 0)- It is a projective space of dimension 
Nd + N — 1 and carries a natnral action of Aut{CP^) = PSL 2 {C) too. 

We dehne the 74Mt(CP^)-eqnivariant map fi : Gd{‘CP^~^) Ld- Consider 
a stable degree {l,d) map 'ip : C ^ CP^ x CP^“^. There exist a nniqne 
irredncible component Cq G C snch that '0|co has degree where d' < 

d. The image '^(C'o) is the graph of a map CP^ —>■ CP^~^ of degree d'. 
The map is given by the binary forms (Pi : : Pjv) of degree d' with no 

common factors and determines the forms nniqnely np to a non-zero constant 
factor. The cnrve C — Co has r connected components which are mapped to 
CP^ X CP^“^ with degrees (0, di),..., (0, dr), di + ... + dr = d — d', and the 
image of Pth component is sitnated in the slice (oj : bi) X CP^-h We pnt 
= TlU{a,i-hC)<^^{P,-. ... ■. Pr). 

Proposition 2.1 ( see the Main Lemma in ||T0| ). 

The Aut{CP^)-equivariant map /i : Gd{P-P^~^) —>■ Ld is regular. 

For a compact projective snbmanifold X C CP^“^ the graph space 
Gd{X) is embedded into the space Gd(CP^“^) where D = p{d) is the in¬ 
tersection index of the class p G H‘^{X) of hyperplane sections with the fnn- 
damental class of degree d curves. Consider the hyperplane line bundle over 
the projective space Ld and induce it to Gd{X) by the restriction of the map 
pL. We will call it the universal line bundle corresponding to the embedding 
of X to CP^~^. The universal line bundle is Ant(CP^)-equivariant. 

Let now W be a compact projective manifold provided with a holomorphic 
action of a compact Lie group G. Let us assume for simplicity that the 1-st 
Chern class identihes the Picard group of X with H‘^{X). Represent a basis 
in H‘^{X) over Q by the 1-st Chern classes of very ample G-equivariant line 
bundles over X. The embeddings of X to projective spaces dehned by holo¬ 
morphic sections of these line bundles are G-equivariant. The universal line 
bundles over Gd{X) corresponding to these embeddings are AutipCP^) x G - 
equivariant in this case. We can now extend the construction of universal line 
bundles from ample to arbitrary elements of the Picard group by additivity. 
For a given equivariant line bundle over X with the G-equivariant 1-st Chern 
class p G Hq{X) we will denote with the same letter p the Aut{CP^) x G- 
equivariant 1-st Chern class of the corresponding universal line bundle over 
Gd{X). We will call p G d{X)) the universal class correspond- 
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ing to p G Hq{X). 

In the sequel we will use S'^-equivariant cohomology with respect to the 
maximal torus C PSL 2 {C). We will use the lifting of this action to 
and to the spaces of binary forms dehned in the way breaking the PSL 2 {C)- 
symmetry: 

(C,0 ^ (exp(27ri0) C, 0- 

If —p denotes the equivariant 1-st Chern class of the S'^-equivariant Hopf 
bundle dehned by this lifting, then the equivariant integration over CP^ and 
Ld is described respectively by the residue formulas 


f{p, K) ^ 


1 

27rz 


f{p, K)dp 

p{p + h) ’ 


f{p, ^ 


1 

27ri 


_ fjp, K)dp _ 

p{p ~ ^)ip ~ 2,h)...{p — Dh) 


where Z[h] = H*{CP°°) = H*{BS^) stands for the coefficient ring of the 
S'^-equivariant cohomology theory. 


Remark. The graph spaces can be considered as approximations to the 
space of loops in X. In this interpretation the universal classes correspond 
to S'^-equivariant forms 


(symplectic structure) -|- h (action functional) 


on the loop space. Though heuristicly important, such a relation with the 
Floer theory on the loop space (see [§) is technically avoidable. The same 
applies to Proposition 2.1 (see the remark after Proposition 4.1). 

3. Symplectic toric manifolds. Consider the standard real symplectic 
space provided with the symplectic structure A dzj/2. The 

maximal torus acts on by linear symplectic transformations 2 ; h-^ 
diag {exp 27^1x1, ...,exp2TTixN)z. The momentum map J of this action maps 
C'^ onto the closed 1-st orthant in Lie*T^. 

Consider a subtorus C . The momentum map of the action : 
C'^ is the composition of J with the linear integral projection M : —>■ 

= Lie*T^. Pick a regular value t of the momentum map and dehne the 
symplectic orbifold X as the symplectic reduction X = C//tT^ = {M o 
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Denote iC C the connected component containing t of the regular 
value set. The orbifold X is canonically identihed with the complex quotient 
(M o J)~^[K)/T^. This quotient is a Gorenstein projective toric variety of 
dimension N — k. In particular, it has no codimension 1 singularities. 

The symplectic form on X depends on the choice of the momentum value 
t ^ K and is Kahler with respect to the complex structure. The action 
of the quotient torus /T^ on X preserves the form. The momentum 
polyhedron of this action is the hber in the orthant The orbifold 

X is compact if and only if the polyhedron is compact or, equivalently, if 
M“^(0) = {0}. If it is the case, we call X a compact symplectic toric variety. 

Vice versa, a compact projective toric variety X with at most Gorenstein 
singularities can be obtained as the above symplectic reduction C^/ /tT^ with 
N equal to the number of hyperplane walls of the the momentum polyhedron. 
The polyhedron is described by N inequalities Hj > cj where Hj are reduced 
integral linear functions on Lie*T^~^. These functions dehne an embedding 
of the polyhedron onto a section of the 1-st orthant in 

In the sequel we will assume that X is a compact symplectic toric variety 
C//tT^ with the number of hyperplane walls of the momentum polyhedron 
equal to N. We review below some basic properties of X (see i0)- 

(1) The Gorenstein variety X is non-singular if and only if all the k- 
dimensional faces of the orthant whose projection to contain K are 
mapped to with the determinant ±1. 

(2) The correspondence between the regular values t G X of the mo¬ 
mentum map and cohomology classes of Kahler symplectic forms is linear 
and extends to an isomorphism —>■ H‘^{X,M.). The isomorphism identihes 
K with the Kahler cone of X, and the Picard group if^(X, Z) — with the 
lattice Z^ C of characters of the torus T^. The 1-st Ghern class of the 
tangent sheaf Tx is represented by the projection M{ui + ... + ux) of the 
vector (1,..., 1) e . 

(3) The cohomology algebra H*{X,C) is multiplicatively generated by 
Kahler classes and can be described as follows. In the space LieT^ dual 
to M.Q consider the union X* of (X — A;)-dimensional coordinate subspaces 
— the orthogonal complements to those fc-dimensional faces of whose 
projections to contain K. Denote J the ideal of X* in the algebra 
C[mi, ..., Mat] of regular functions on LieT^. In the algebra C[pi,...,pfc] of 
regular functions on LieT^ consider the ideal X induced from J by the 
embedding LieT^ C LieT^ . Then H*{X,C) is canonically isomorphic to 
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C[p]/X. The isomorphism is induced by the correspondence between the in- 
hnitesimal characters Uj and 1-st Chern classes of invertible sheaves on X. 
This description is valid over Q, and for non-singular X — over Z. 

(4) The algebra C[u]/J of regular functions on X* is similarly identihed 
with the equivariant cohomology algebra of X with respect to the action of 
the quotient torus /T^. By dehnition, the equivariant cohomology algebra 
of a G-space Y is the cohomology algebra of the homotopic quotient EG Xq 
Y and has the module structure over the ring H*{BG) of G-characteristic 
classes. In the case of a torus G the ring is identihed with the polynomial 
algebra on LieG. The C[LieT^/T^]-module structure on C[X*] is dehned 
by the projection of X* along LieT^. 

We will use the T^-equivariant cohomology algebra H^i^{X,C). Denote 
C[Ai,A at] another copy of the characteristic class algebra H*{BT^,C) 
which will play the role of the coefficient ring of T^-equivariant theory 
throughout the paper. Denote {rriij)^^^ the matrix of the projection 
M : The C[A]-algebra H^j^{X,C) is multiplicatively generated 

by {pi, ...,Pk) satisfying the relations Uj = where {ui, ...,U]sf) 

are the generators of C[X*] = <C[u]/J. For example, if M = (1,..., 1) then 
X = J = (Mi...MAr), and H^i^{X,C) is isomorphic to C[p, A]/((p — 

Ai)...(p — Aat)). Here —p represents the equivariant 1-st Chern class of the 
Hopf bundle over CP^ provided with a natural lift of the torus action. In 
general equivariant 1-st Chern classes of T-^-equivariant invertible sheaves 
on X are represented by integral linear combinations of Uj. In particular, 
Ui + ... + un represents the equivariant anti-canonical class of X. 

(5) Integration over the fundamental cycle dehnes an H*{BG)-lmea,T 
functional with values in H*{BG) and the corresponding i?*(PG)-bilinear 
Poincare pairing (/, g) = f A g on the equivariant cohomology algebra 
of a compact G-manifold. The Borel fixed point localization theorem gives 
rize to the following explicit description of such integration in the case of the 
toric symplectic variety X: 


[ /(p,A) = ^ReSo 

JX 


f(p, A) dpi A ... A dpk 

Ui{p,\)...Un{p,\) 


Here the index a runs the set of hxed points of the torus action on X. 
The hxed points correspond to the vertices of the momentum polyhedron 
and therefore — to those /c-faces of whose projections to 
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contain t. The orthogonal complement of such a face is given by k equations 
Uj^ = ... = Ujf, = 0, ji < ... < jk- The symbol ReSc refers to the residue of 
the /c-form at the pole specihed by the ordered set of equations 

k 

= \s, S = l,...,k. 

i=l 

Permutations of the equations affect the sign of the residue. 

We will denote p{a) = ...,pk{Q:)) the solution to this system of 

linear equations and Uj{a) the values of the linear functions Uj = 
at the point p{a). We will also identify in our notations the index a of 
the hxed point of : X with the corresponding vertex of the momentum 
polyhedron and with the set {ji, ...,jk}- 

Although the residues on the RHS are rational functions of A, their sum 
is a polynomial provided that / G {X, C) is represented by a polynomial 
f{p,\). The equivariant Poincare pairing {f,g) = Jxfd is non-degenerate 
over Q[A] (and even Z[A] if X is non-singular). The value at A = 0 of the 
LHS represents f{p, 0) and gives rise to the ordinary Poincare pairing on 
H*{X). 

Notice that the toric variety X and its properties have been described 
entirely in terms of the N integer vectors Mui, ..., Mun in and the chosen 
Kahler cone A' C M^. 

We will assume further on that X denotes a non-singular compact sym- 
plectic toric manifold. 

A codimension I complete intersection Y C X is by dehnition the common 
zero locus of holomorphic sections of I line bundles. Let vi,...,vi be the 
inhnitesimal characters of which specify I equivariant line bundles £„• 
We will assume that are non-negative, i.e. Mva G K, and therefore that 
the bundle V = ©a^a is convex. 

We provide the bundle V with the additional action of the /-dimensional 
torus acting hberwise by scalar multiplication in each summand Ca. We 
will study the equivariant Gromov - Witten theory of the pair {X, V) with 
respect to the action of the torus T = x Th The algebra 

Q[Ai,...,A^,A;,...,A;] = if*(RT,Q) 

will play the role of the coefficient algebra of the theory. Now on we will as¬ 
sume that Uj,Va,Pi denote corresponding T-equivariant cohomology classes. 


23 



In particular the T-equivariant 1-st Chern classes of the line bundles C-a 
and their hxed point localizations are represented by the linear combinations 

Va -■= E haVi - A'a, and Va[(y) = E kaVi{oi) - A^. 

We introduce the T-equivariant integration over the virtual fundamental 
class [Y] of the corresponding (invariant) complete intersections: 




Euleriy) = ReSo f(p, A, A') 

a 


Vi-.-Vi dpi A ... A dpk 
Ui-.-Un 


In the non-equivariant limit A = 0, A^ = 0 it reduces to the integration over 
the fundamental class of non-singular comlete intersections T C X as well as 
the whole Gromov-Witten theory — to that for Y, according to the axiom 

(7). 

Degrees of compact holomorphic curves in X form the semigroup 


A = {d e H2{X)\{t,d) > 0 Vt e K}. 

The Kahler cone K is the intersection flaAo of of images in of /c-faces 
in Respectively, A coincides with the convex hull of the union UaA* of 
the orthants A* C M.^* polar to the orthants A^. We will denote Z[[A]] the 
formal completion of the semigroup ring Z[A] and represent an element d G A 
by the monomial G Z[A] where (di, ...,dk) are coordinates of d 

in (Z^)*. 

We will write d> d' \i d — d' & K. It is a partial order on H 2 {X). 

We will also use the notations 


Dj 'y ^ diTTlij , Tq, ^ ^ liadi 

i i 

(which mask the actual dependence of these integers on the vector d). 

We complete this section with some notations and elementary informa¬ 
tion about the 1-dimensional orbits of : X which will be exploited, in 
accordance with the axiom (8), in the hxed point localization technique. 

The 1-dimensional orbits correspond to the 1-dimensional edges of the 
momentum polyhedron. The vertex a of the momentum polyhedron 
is situated in the fc-face {(Ti, ...,T]sf)\Ts = 0, Vs ^ a} of and connected 
by one-dimensional edges to N — k other vertices P{a,j),j ^ a, situated 
in the {k -|- l)-faces {(Ti,...,T/v)|E = OVs ^ a,s ^ j}. The edge itself 
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is the momentum polyhedron of the closure of a 1-dimensional toric orbit 
/tT^ in X isomorphic to CP^. We denote d{a,j) G A the degree of 
this CP^ in X. The corresponding Ds{a,j) := '^di{a,j)mis vanish for 
k — 1 values of the index s G a fl l3{a,j) and are equal to 1 for the two 
values of s G (aA/3) = We denote La{a,j) the corresponding values 

i)lia of La- Notice that [3 and f G a depend on and are uniquely 
determined by a choice of a and j ^ cx- 

For (3 = (3{a,j) we have d{a,j) = d{j3,j') and 


Us{a) = UsiP) + Ds{a,j)uj{a), Va{a) = VaiP) + La{a, j)uj{a), 

In particular, Uj{a) = —UjpP). 

4. The generating function. Let (X, V) be the nonsingular compact 
toric symplectic manifold provided with the convex bundle equivariant with 
reapect to the action of T = x as described in the previous section. 
Denote Vd the vector bundle over Gd{X) with the hber H^{C^'ip*TT 2 V) over 
the point represented by the stable map 0 : A —>• CP^ x X. We will study 
the following series: 


G{z, q, h- A, A') = V / / 

deA “'[G'dW)] 


Here (Pi,..., Pk) denote the universal classes in P|.^_gi(Grf(X), Q) correspond¬ 
ing to the T-equivariant classes pi G H^{X). 

Proposition 4.1. The series G = has polynomial coefficients 

gd,m e Q[h, A, A']. 

Proof. The equivariant cohomology classes Pi and EulerlVd) of Gd{X) 
are dehned over Q[h, A, A'], and the integration over the Gromov-Witten class 
[G(i(X)] assumes values in Q[h, A, A'] by the axiom (1). 


Remark. The polynomiality property of gd,m is crucial for our proof of 
Theorems 0.1, 0.2. However one can dehne the series G in terms of Gromov- 
Witten theory on CP^ x X (see , Section 6) without mentioning the 


universal classes Pi, and the polynomial property then follows directly from 
the axiom (1). Thus our use of Proposition 2.1 is avoidable. 

H)- 


Proposition 4.2. (see 


G{z,q,h) = f S{qexp{hz),h) S{q,-h) , 
J[Y\ 
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where S{q, h; A, A') is determined from the condition that for any a G Hf{X) 



f EuleriV) a+TgX 

4vl (ft-c) 


Proof. The proposition is easily deduced (see |^) by localization to fixed 
points of the S'^-action on Gd{X) and Ld and from the following corollary 
of the axiom (2): 


[^2,d] 


fgt2(-4) 
h — c 


A 


hxi,,] - c) 


Corollary 4.3. 5 = 1 + o(l/h) when written as a formal power series in 
Proof: Euler{V 2 ,d) = igil{Euler{Vi 4 )). 


Remark. The vector-function Jy in Theorem 0.2 is defined in Section 1 
as 5 ex.p{{tQ + Y,Pdogqi)/h). 


Denote Sa the restriction of the T-equivariant cohomology class S = 
J2deA to the fixed point a of the torus T action on X. The coefficients 

Sa^d of the series are rational functions of (h, A, A'). 

Proposition 4.4. The series Sa satisfy the following recursion relations: 


Sa{q, h- A, AO = RaAfi-\ A, AOg'T 

d£A 


EE?"""-' 

j^a n=l 


nh + Uj{a) 


-Uj{a)/n;X,X) 




where Ra,d are polynomials in h ^ with coefficients in Q(A, AO, and the re¬ 
cursion coefficients Caj{n) = 


-mUj{a)/n) Y\.s^auyP-m<o{us{a) -mUj{a)/n)) 
{n - l)\{uj{a)/nY-^) T{s(^gU-^<nDs{a,j){us{Q) - muj{a)/n) 


Proof. We apply the fixed point localization technique to the action of 
the torus T on X 2 ,d- Consider a fixed point represented by the stable map 
/ : {C,Xi,X 2 ) —>■ X and denote C" the irreducible component of C carrying 
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the marked point xi. The contribution of this hxed point to Sa via the 
localization formula described in the axiom (8) vanishes unless f{xi) = a. 

If f{C') = a, then the contribution involves integration over the space 
of conhgurations of r > 2 special points on the connected component of 
f~^{a) containing Xi. The universal cotangent line at the 1-st marked point 
localizes to the line bundle over formed by the cotangent lines to C at 
Xi- Since the action of T on this line bundle is trivial, the localization of the 
Chern class c is nilpotent. Thus the contribution of such hxed points to the 
localization formula is polynomial in 1/h. 

If f{xi) = a but f{C') 7^ a then f := {f\C') is the degree n cover of 
a 1-dimensional orbit of Tc in ^ connecting the hxed point a with another 
hxed point f3 = P{a,j). In this case / is glued from /' : {C',xi,x) X and 
a stable map /" : {C",x,X 2 ) —X of degree d" = d — nd{a,j) with f\x) = 
f"{x) = {3. The localization of h — c in this case equals h + Uj{a)/n. The 
contribution of ®T'J. to the Virtual Normal Euler Class in the localization 
axiom equals —Uj{a)/n — c where c is the equivariant 1-st Chern class of the 
universal cotangent line over X 2 ^d" at the marked point x. The remaining 
part of the Virtual Normal Euler Class is the product of such classes for /" 
in X 2 ,d'' and for /' in X 2 ,nd{a,j)- The latter one can be easily computed by 
using the quotient description of the tangent bundle to X = C^//T^ as a 
virtual direct sum of line bundles and is equal to 1/Ca,j{n). Also we have 
\Autf\ = n\Autf"\ where n is the order of the cyclic automorphism group of 
the n-fold cover f' : z ^ z"'. 

The summation over all d", j ^ a and n = 1,2,... gives rise to the 
recursion relation. □ 

Proposition 4.5. The series S is uniquely determined by the following 
properties: 

(a) the recursion relations of Proposition A A, 

(b) the asymptotical condition iS = 1 -|- o{l/h) of Corollary 4.3, 

(c) the property from Proposition 4.1 of the series 

y^gd,mq^z^= [ S{qe^\h)eP^S{q,-h) 

JlY] 

to have polynomial coefficients gd,m ^ Q[^, A, A']. 

Proof. Consider another solution S' to the same recursion relations (a) 
with the same polynomials R'^d — ^a,d as in S for all 0 < d < do and 
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satisfying the asymptotical condition (b). We will show that R!ado — Ra,do- 
This would imply the uniqueness since, given all the polynomials Ra,d, the 
recursion relations (a) allow one to recover the series S unambiguously. 

Consider the g'^°-term in Q'—Q. The conditions (a),(b) imply that S'—S = 
Rqdo _|_ (PigPer order terms in q) and that g'^°-term in ^ is equal to 


5{R) = [ A) + eP^R{-h, A) , 

J[Y] 

where the class R is defined by its localizations Ra = R'a do ~ ^a,do- Froiii 
(b) and (c) we know that i? is a polynomial in 1/h divisible by 1/h^ and that 
the series S = has polynomial coefficients 6^. E Q[h, A, A']. 

A generic value of A = (Ai,...,AAr) determines a linear function on the 
momentum polyhedron fl J~^{z) for each z E K with pairwise distinct 
values Ha at the vertices. Computing 5{Ah~^ + B) modulo h for a generic 
ray t ^ tz we hud 


e^°‘\Aat [z, do) + Ba) Resa 


Vi-.-Vi dpi A ... A dpk 
Ui-.-Un 


Here vi{Q.)...Va{oi) ^ 0 for generic values of A', and {z,do) > 0. Since the 
functions exp{Hat),texp{Hat) with distinct Ha are linearly independent, we 
conclude that 6{A/h+ B) = o{h) implies A = H = 0 in i7y(X, C(A, A')) for 
generic and therefore for all values of A, A' and ; 2 . Applying this conclusion 
to A) with r > 0 and R{l/h) = Ah~'^^~^ + Bh~‘^^ + ... of degree 

< (2r + 1) we hnd that deg R < (2r — 1) and by induction — that deg R < 1. 
Now the assumption (b) that R has no terms of order hP and implies 
that i? = 0. □ 

5. Toric map spaces. In this section we describe toric compactihcations 
of spaces of holomorphic maps CP^ — X. 

For each d E A consider the following complex space of iV-dimensional 
vector-polynomials in one complex variable (: 


{(A(C),--,^iv(C))|deg^j < Dj} 

The torus acts on this space componentwise. Denote the momentum 
map of the induced action of C , pick t E K and introduce the 
symplectic toric variety Xd = It is compact and nonsingular 



whenever X is compact and nonsingular. Generic points in represent 
degree d holomorphic maps 

CP> ^ A' : C « (2i(C),...AK(C))modr‘ . 

The variety X^ is empty unless d G Uq,A* . 

The rotation ( i—> exp(27ri0)C of CP^ induces an S'^-action on X^. Fixed 
points of the x T-^-action on X^ are isolated. The Borel localization 
formula for X^ yields: 

_ f{p, h,\)dpi A ... A dpk _ 

^j-.Dj>o{uj{uj — K){uj — 2h)...[uj — Djh)) 

Here ReSa,r refers to the residue at the point specified by the equations 

Un{p,X) = rih ,..., A) = Tfeh , ji < ... < jk, 

with {ji, and r runs the integer vectors 

r = (ri, ...,rfc) : 0 < ri < Dj^, ...,0 < r*. < . 

The equivariant cohomology algebra of X^ is identihed with the quotient of 
C[p, h, A] by the kernel ideal of the corresponding Poincare pairing. 

The dimension of X^ may exceed the Riemann-Roch dimension dimX + 
(ci(7x), d) = N — k + Di + ... + D]\f of the space of degree d holomorphic 
maps CP^ X if some Dj = dirriij are negative. We introduce the virtual 
fundamental class [Xfl of the Riemann-Roch dimension as the Poincare-dual 
to the equivariant Euler class of the following vector bundle over Xd. 

Consider the complex space of the vector polynomials in the variable 
dehned by 


f /(P,^A)= ^Res. 

JXh a-.d^A* - 


{(^i(C ^))ki(0) = 0,deg^j <-Pj} . 

We introduce the T^-equivariant locally free sheaf on Xd = Jf^(t)/T^ as¬ 
sociated with the componentwise action of C on this space. The 
rotation of ( dehnes an P^-equivariant structure on the sheaf. At generic 
points Ip : CP^ —X of Xd the sheaf coincides with the obstruction sheaf 

H\CP\riTx)). 
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The Borel localization formula gives rise to the following description of 
integration over the virtual fundamental class: 



/= ^ '^Resa,r dpi A ... A dpk 

Q:dGA* r 


^J=-oo{uj - mh) 

nilL_oo(«i - 


Consider now the convex bundle V = ®a/^a- For a generic degree-d map 
ip : CP^ —X the space P°(CP\'^*£a) can be identihed with the space of 
polynomials {|/(C)| degy < La} where La = Y} dpia. We introduce the vector 
bundle of dimension + 1 over associated with the scalar action of 
on this space via the character ^ kaPi- The direct sum of these bundles 
over a = 1,is equivariant with respect to x x where acts 
by rotations of C, and acts by scalr multiplication componentwise on 
the direct summands. The x T-equivariant Euler class of this bundle is 
Ifa Vaiva — h)...{va — LaK) where Va = Yj^iaPi “ AJj. We dehue the virtual 
fundamental class [Yd] as the Poincare-dual to this Euler class: 



f{p, h, A, A')n„n^‘Eo(t;„(p, A) 


mh) . 


For polynomial / G Q\p, h, A, A'] the integration over [Y^] assumes polino- 
mial values in Q[h, A, A']. 

6. The hypergeometric series. We will study here the generating 
function 

dGA LY,] 

which is a formal power series in with coefficients in the formal completion 
of the semigroup ring of A over the polynomial algebra Q[h, A, A']. 

Proposition 6.1. The series <h is weighted-homogeneous of degree I -f 
k — N with respect to the grading 


deg Zi = -1, deg h = deg A^ = deg A'„ = 1, deg g* = ^ ruij - ^ ka. 

j o- 

Proof: This follows from grading in equivariant cohomology and the for¬ 
mula N — k — I + (ci(7x), d) — (ci(V), d) for the complex dimension of the 
virtual fundamental cycle \Yd\- 
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Consider the formal g-series (which differs from Jy in Theorem 0.2 by 
the exponential factor exp((fo +plogg)/h) only): 


T(g,h; A,A') 


. + mh)Ujn^<o{Uj + mk) 


where Uj = '^Pi'mij — Xj and Va = '^Piha — are T-eqnivariant cohomology 
classes of X, the integers Dj = La = depend on d = 

(di,dfc), and m rnns integer valnes starting from —cxo. Coefficients of the 
series T are well-defined eqnivariant cohomology classes of X over the field 
C(h, A) of rational fnnctions, and the whole series can be considered as an 
eqnivariant cohomology class of X with appropriate coefficients. Notice that 
a g'^-term in T has zero localization at the fixed point a nnless d G A*. 


Proposition 6.2 (compare with iBUD- 


/ T(gexp(hz), h; A, A')eP"T(g, -h; A, A') = <h(z, g, h, A, A'). 

J[Y] 

In particular, $((f — r)/h,e^,h) is invariant under the change {t,T,h) 
(r,f, -h). 

Proof. We have 



T(gexp(hz),h)eP^T(g,-h) = 


^ dpi A ... A dpfc X 

a d',d"£A* 

nanj^_^„(r;a mh) Ilj[Ilra<o{Uj mk) Y\.rn>o{Uj + mK)] 

IljUj\flm<D'.{Uj + mh) Ilm>-D’'{Uj + mh)] 

= ^ ^ g'^ ^ Res„,,. e^^dpi A ... A dp^ x 

a deA* r 

YiafLl^=-LS'^a + mh) UjUjUmeziUj + mh) 

IljUj[Ilm<o{uj + mh) Ilm>-Dj{uj + mh) 

e^^dpi A ... A dpfc nan^‘Lo(na - mh) - mh) 

{uj - mh) 
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dGA 


aP^ 


m 


□ 


Consider the localizations h.; A, A') of the class 'h at the hxed points: 


*« = E 9' 


^Y\.Jl^=i{va{oi) + mh) Iim<o{uj{a) + mh) 


deA* 


Ilj(ZaDj\h^:i 




^m<DAujia) +mh)' 


Each g^-term in this series is a rational function of h and can be uniquely 
written as the sum of simple fractions with poles at h = —Uj{a)/n, j ^ 
a, 0 < n < Dj plus a Laurent polynomial in h. 

Proposition 6.3. The series d'a satisfy the following reeursion relations: 
^a(g,^;A,A0 = gXrf(h,A,A0+ 


EE 9 


n d{a,j)_ 


Ca,j{n) 


{uj{a) + nh) 


-nj(a)/n; A, A') , 


j^a n >0 

where f3 = P{Q:,j) and the coefficients Caj{n) = 


TT TT 


{n - l)\{uA(y)lnY 1 Iis(f:p^m<nDs{c.g){us{o) - muAcA/n) 


Proof. For generic A, A' and f3 = P{a,j) denote the coefficient of the 
series at q'^. The value of this coefficient at h = —Uj{a)/n = Uj>{P)/n is 
equal to 


IlaIlm=iLa{va{P) -mUj{a)/n) UsUmKojusiP) -mUj{a)/n) 
IlsIlm<Ds{us{P) - muj{a)/n) 


It vanishes unless d G A*(/5) and Dj/ + n > 0. Due to the relations 
Us{P) = Us{a) - Ds{a,j)uj{a), Va{fd) = Va{a) - La{a,j)uAa) we have 
Zpi-Uj{a)/n) = 


TT yrLaA-nLaioij) 

^ m>nLa(aj') 


(na(a) -muj{a)/n) nsn^<nDqaj)(«*(«) 

mujicY/pf) 


muj{a)/n) 
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Since Ds{a,j) = 0 for s G a n /9 and Dj{a,j) = Dji{a,j) = 1, we have 
Ca,jin)Z^{-Uj{a)/n) = 


n 


Dy+n 

m=l 


n„n 


La+nLa(a,j) 


m=l 






Uj{a)) 


ff m<0 (*^) 

ffs:7^jj'ffm<Ds+nDs(aj') ~n^. 


The last product is exactly the residue of the in the series 

Tq, at the simple fraction with the pole h = —Uj{a)/n. The vector d' = 
d + nd{a,j) is automatically in A* , and additionally Dj+n > n. Vice versa, 
when d' is in A*, and for some j ^ a and n G N we have D'- > n, then 
d = d' — nd{a,j) is in + ^ = D'^, > 0. 

Thus the sum of simple fractions on the RHS of the recursion relations 
reproduces all the simple fractions of the LHS with non-zero poles, and the 
remaining part of each (h) is a Laurent polynomial of h. Since the identity 
between the g-series with coefficients in Q(h, A, A') holds for generic values of 
(A, A') it holds in fact over Q(h, A, A'). □ 

Remark. The coefficients Caj{n) in the recurrence relations of Proposi¬ 
tions 4.4 and 6.3 are the same. Although we obtained this fact by straight¬ 
forward computations of both coefficients, the coincidence should not be 
considered a miracle. The value of the coefficient Ca,j{n) in Proposition 4.4 
is determined by localizations to fixed points represented by irreducible de¬ 
gree n maps CP^ — X. On the other hand, the graph spaces differ from the 
toric map spaces only near stable maps of reducible curves. Perhaps the co¬ 
incidence of the recurrence coefficients can be derived from this observation. 


Consider now the case of complete intersections Y with non-negative 1-st 
Chern class ci(7y). This means that 


^ ^ lia) ^ A” . 
i j a 


A reformulation of this condition reads: degg*^ > 0 for all d G A. 
Put 

Ao = {d G A| > OVj = 1,..., A}, 

Ai = {d G ^ 

A'o = {dGA|5^L„ = 5^P,}. 


;(«)) 
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Proposition 6.4. Suppose that Ty is non-negative. Then 


= < 1 ^( 0 ) o{l/h), 




d&Ao 


Di\...D 


N'- 


^ y, L,l..L,\ , 

/ J 7-^1 7-^1^ 


deAi 


Di\...Dn\ 




j 


where pa and fj are some power series J2deA' ^d.q'^ coefficients G Q 
and Ao = 0. 

Proof. In the case of non-negative Ty we have Dj > La for all d & A. 
The dehnition of 'h(g, h; A, A') then shows that it can be written as a power 
series in 1/h, and that the terms of order hP and h~^ have the form described 
in the proposition. 


7. Equivalence transformations. We study further the case of com¬ 
plete intersections Y with non-negative tangent sheaf. 

Consider a series Z{q, h] \, \') G Hf(Y,Q) of weighted-homogeneous de¬ 
gree 0 with respect to the grading degh = deg A = deg A' = 1, degg* = 
Yj ^ij - Ya which Satisfies 
(i) the recursion relation 


Zffiq, h- A, A') = A, A0g"+ 

deA 




n dc. 


; Cgffin) 
nh + Uj{a) 


Zp(a,j){q, -Uj{a)/n-,X,X') 


where Ra,d are polynomials in with coefficients in Q(A, A') and the re¬ 
cursion coefficients Ca,j{n) are described in Propositions 4.4 and 6.3; 

(ii) the condition that the series 


W" = V := [ Z{qe^\ h)eP^Z{q, -h) 

J[Y] 

has polynomial coefficients Wd,m G Q[h, A, A']. 

In Section 4 we proved that the series S is uniquely determined by these 
properties and the asymptotical condition of Corollary 4.3. In the previous 
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section we found a series \I/ which also has these properties but may differ 
from S by the asymptotical condition. In this section we describe some trans¬ 
formations of the series Z which preserve the properties (i),(ii) but change 
the asymptotical expansion Z = -|- Z^^yh + o{l/h). 

Proposition 7.1. Let f = f^q'^ be a series with rational coeffieients 

/d G Q and /o 7 ^ 0. Then fZ satisfies the conditions (i),(ii). 

Proof. Simultaneous multiplication of the localizations Za by / obviously 
preserves the the recursion relation of Proposition 4.4 and affects the se¬ 
ries J2^a,dq^ in such a way that the polynomiality property of Ra^difi/h) is 
preserved. This proves (i). 

The multiplication of Z by / gives rise to the multiplication of the series 
W by f {q exp{hz)) f {q) which obviously preserves the polynomiality property 
of the coefficients Wd,m- This proves (ii). 

Proposition 7.2. Let f = XldeA^uAi ® series of weighted - homo¬ 

geneous degree 1 where fd are linear inhomogeneous functions of A, A' with 
rational coefficients, and fo = 0. Then exp{f/h)Z satisfies the conditions 
(i),(ii). 

Proof. We have 

exp{—nf/uj{a) — f/h) =exp{—{nh-\-Uj{a)f/uj{a)h) = l-\-{nh-\-Uj{a))ga,j,n, 

where ga,j,n is a g-series with coefficients polynomial in and rational in 
(A, A'). This implies that exp{f /h)Za satisfy the recursion relation (i) with 
the new initial condition 

deA 

00 

q^ -Mj(tt)/n;A, A') 

ji^a n=l 

whose coefficients at are still polynomial in 1/h. 

The transformation Z 1 —> exp{f/h)Z multiplies the series W by expg, 
where g = {f{qe^^) — f{q))/h has polynomial coessicients when written as a 
power series in (g, z) since exp{hzd) — 1 is divisible by h. □ 

Proposition 7.3.Let the linear combination fp = fipi ... -|- fkPk of 
the equivariant cohomology classes Pi G Hf,(Y,Q) be given by the series 
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/* = J2d€A'Q rational coejficients fi^d ^ Q and fi^ = 0. Then 

exp{fp/h)Z{qexpf,h-,X,\') satisfies the conditions (i),(ii). 

Proof. For f3 = P{a,j) we have p{a) — p{P) = da,jUj{a) and therefore 


exp[-fp{a)/h - nfp{f3)/uj{a)] = 

dajf Qxp[—fp{a){nh + Uj{a))/{uj{a)h)] = e” + {nh + Uj{a))ga,j,n , 

where the series X, \') has the same properties as specihed in 

the proof of Proposition 7.2. This implies that the recnrsion relation for 
eP/^Z{qefi h) (with some initial conditions Ra,dQ'^) follows from the re¬ 
cursion relation obtained by the change q h->• gc'f from (i) satished by Z. 

The operation Z i—> eRZ{qefih) transforms W{z,q) to 


W(z + 


fjqe^") - f{q) 
h 



and preserves the polynomiality property of the coefficients Wd,m since coef- 
hcients of the series ffiqe^^) — ffiq) are divisible by h. □ 

Using the notations from Proposition 6.4 we perform the following opera¬ 
tions with the series T which according to Propositions 7.1, 7.2, 7.3 preserve 
the properties (i),(ii). 

(1) Divide 4/ by this transforms the asymptotical expansion T = 
T(o) + T«/n + o(l/h) to 


l + h ^ {H{q) + ^Ga{q)Va-^Ffiq)Uj)+o{h ^), 

a 3 

where H = (EdeAi and Ga = c/a/d'®, Fj = 

(2) Divide by exp FjXj — Ea ^aX'^); this transforms 

the asymptotical expansion to 

Z = l + h~^ ^ fiiPi + o{h~^) , 

i 

where fit = Y^JiaGa - Yj^ijFj- 

(3) Transform exp(— E 4>iPi/K)Z{q, h) to the new variables Qi = 

i = 1,..., k; the resulting series S{Q, h; A, A') has the asymptotical expansion 
1 -|- o{l/h). 
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Corollary 7.4. Suppose that Ty is non-negative. Then S{q, h; X, X') = 
S{q,h;X,X'). 

Proof. The series S satisfies the conditions (a),(b),(c) of Proposition 4.5 
which uniqnely determine the series S. 
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